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Background: The isoscalar monopole (IS0) excitation is considered to be a characteristic transition mode for
populating α cluster states of nuclei. The α inelastic scattering has been used as an ideal probe for the IS0
excitation.
Purpose: We aim to clarify the correspondence between the IS0 transition strengths and α inelastic cross sec-
tions, the B(IS0)-(α, α′) correspondence. Emphasis is put on the correctness of the interpretation of the α
inelastic scattering as an IS0 transition process.
Methods: Diagonal and transition densities of 24Mg are calculated with antisymmetrized molecular dynamics
and a microscopic coupled-channel calculation based on a g- and t-matrix folding model is performed to obtain
α elastic and inelastic cross sections off 24Mg at 386 MeV. Calculations with the distorted wave Born approx-
imation and plane wave Born approximation are also carried out to see the effects of the channel coupling and
nuclear distortion.
Results: The α inelastic scattering is shown to be significantly affected by the nuclear distortion as well as
the in-medium modification to the nucleon-nucleon effective interaction. Nevertheless, the B(IS0)-(α, α′) cor-
respondence tends to hold. However, when a 0+ state having a different intrinsic structure is considered, the
validity of the B(IS0)-(α, α′) correspondence becomes worse. The coupled-channel effect is found to be non-
negligible even at 386 MeV.
Conclusions: The α inelastic scattering is not a process expressed by the IS0 transition operator. The robustness
of theB(IS0)-(α, α′) correspondence stems from a constraint on the transition densities between 0+ states. The
node of the transition density reflects the intrinsic structure of the excited state. The difference in the position
of the node distorts the B(IS0)-(α, α′) correspondence.
I. INTRODUCTION
The nuclear clustering structure, characterized by weakly-
interacting subunits inside a nucleus, is one of the fundamen-
tal aspects of atomic nuclei. It emerges near the threshold
energies in the excitation spectra, as predicted by the Ikeda di-
agram [1], and also in the ground states of several nuclei [2].
So far, many attempts for directly probing the α cluster states
have been done by means of the resonant scattering [3], α
transfer [4–9], and α knockout processes [10–22]. Besides, α
inelastic scattering has been utilized to investigate an α clus-
ter structure in excited states of nuclei [23–35]. As discussed
in Refs. [36, 37], the isoscalar monopole (IS0) operator in-
duces a nodal excitation regarding the coordinate between the
constituents of a nucleus, by which nuclear cluster states are
strongly and selectively populated.
As it is well known, in the plane wave limit and with the
long-wave approximation, the transition matrix for the α in-
elastic scattering contains the IS0 transition strength; see also
Sec. II A below. This is why the α inelastic scattering, at for-
ward angles in particular, has been regarded as an ideal probe
for α cluster states. In fact, in Ref. [38], the IS0 transition
strengths for 24Mg calculated with antisymmetrized molecu-
lar dynamics (AMD) [2, 39, 40] were shown to have a good
correspondence with those extracted from α inelastic scat-
tering data [41]. According to the aforementioned explana-
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tion, however, the α inelastic cross sections should be 0 at
zero momentum transfer, whereas experimental data to 0+ ex-
cited states are peaked at zero degree. This indicates that one
needs a more clear and sound link between the IS0 transition
strength and the α inelastic cross section.
In this study, we calculate α inelastic cross sections off
24Mg at 386 MeV with a microscopic coupled-channel (CC)
framework [42–44] adopting diagonal and transition densities
of 24Mg obtained with AMD. The primary purpose of this
work is to clarify quantitatively how the IS0 strengths (struc-
tural inputs) are related to the (α, α′) cross sections (reaction
outputs), that is, the clarification of the B(IS0)-(α, α′) corre-
spondence. The distortion and CC effects on the α inelastic
scattering and the importance of the in-medium modification
to the nucleon-nucleon (NN) effective interaction in the mi-
croscopic reaction model are also discussed.
The construction of this paper is as follows. In Sec. II, af-
ter recapitulating the standard explanation for the relation be-
tween the IS0 transition strength and the α inelastic scatter-
ing for monopole transitions, we briefly introduce the micro-
scopic CC framework for describing α scattering. In Sec. III,
we show numerical results for the α elastic and inelastic cross
sections off 24Mg at 386 MeV and investigate the propor-
tionality of the IS0 transition strengths to the inelastic cross
sections. Roles of the in-medium modification to the NN ef-
fective interaction, nuclear distortion, and CC effect are dis-
cussed. Finally, a summary is given in Sec. IV.
2II. THEORETICAL FRAMEWORK
A. α inelastic scattering in the plane wave limit
First, we recapitulate how we can understand the IS0 tran-
sition strengths are relevant for the α inelastic scattering in
the plane-wave Born approximation (PWBA) limit. The tran-
sition matrix to the ith 0+ state is given with a double folding
model by
TPWi =
∫
eiq·RtNN (s) ρ
α (rα) ρ
A
0
+
i
0
+
1
(rA) drAdrαdR,
(1)
where q is the momentum transfer, rα and rA are the coordi-
nates of a nucleon inside α and the target nucleus A, respec-
tively, and R is the coordinate vector of the center-of-mass
(c.m.) of α regarding that of A. The spin-parity of A in the
ground state is assumed to be 0+. An NN effective interaction
in free space, tNN, is employed as a transition interaction in
Eq. (1). We denote the relative coordinate of a nucleon in α
to a nucleon in A by s. As usually done, we consider only
the central part of tNN. The exchange term of tNN is dropped
for simplicity. ρα is a nucleon one-body density of α and
ρA
0
+
i
0
+
1
is a nucleon one-body transition density of 24Mg from
the ground state to the ith 0+ state. Although it is not shown
explicitly, because α contains the same numbers of proton and
neutron, only the isoscalar transition is included in Eq. (1).
One can rewrite TPWi by usingR = rA + s− rα as
TPW = t˜NN (q) ρ˜
α (q) ρ˜A
0
+
i
0
+
1
(q) (2)
with
t˜NN (q) = 4π
∫
j0 (qs) tNN (s) s
2ds, (3)
ρ˜α (q) = 4π
∫
j0 (qrα) ρ
α (rα) r
2
αdrα, (4)
ρ˜A
0
+
i
0
+
1
(q) = 4π
∫
j0 (qrA) ρ
A
0
+
i
0
+
1
(rA) r
2
AdrA. (5)
If we make a long-wavelength approximation to the spherical
Bessel function j0, for i 6= 1, we have
TPW ≈ −
8π
3
JNNq
2
∫
r2Aρ
A
0
+
i
0
+
1
(rA) r
2
AdrA
≡ −
8π
3
JNNq
2Mi(IS0), (6)
where JNN is the volume integral of tNN. Note that the 0th
order term of j0 in Eq. (5) has no contribution to the inelastic
scattering because of the orthogonality of the wave function
of 24Mg. Consequently, the α inelastic cross section reads
dσi
dΩ
∝ q4|Mi(IS0)|
2 ≡ q4Bi(IS0), (7)
where Bi(IS0) is the IS0 transition strength to the 0
+
i state.
Equation (7) has been used in many places to guarantee that
Bi(IS0) can be extracted from α inelastic cross sections to 0
+
excited states.
According to the explanation above, one may expect
dσi/dΩ ∼ 0 at very forward angles. To be precise, because
of the excitation energy ǫ of 24Mg, q remains finite even at
θ = 0. At any rate, if Eq. (7) is correct, α inelastic cross sec-
tions to 0+ excited states of A should drop off when θ → 0,
which is not the case at all for observed cross sections (see
Fig. 2 below).
B. Microscopic framework for describing α-24Mg scattering
In the present study, we adopt a microscopic CC calcula-
tion for α inelastic scattering. We prepare one-body diago-
nal and transition densities of 24Mg by using AMD with the
Gogny D1S interaction [46] and construct CC potentials of α
with the extended nucleon-nucleus folding (NAF) model. The
AMD results for the IS0 transition of 24Mg for ǫ = 9–30MeV
were discussed in detail in Ref. [38]. In this study. we con-
centrate on the 0+ states below the giant monopole resonance
region (ǫ < 15MeV) and haveB(IS0) larger than 10% of the
value for the 0+2 state. On top of that, to discuss possible CC
effects, we take into account three low-lying 2+ states. Thus,
we include the 0+1,2,3,5,7,8 and 2
+
1,2,3 states in the CC calcula-
tion.
The NAF model was proposed to describe α elastic scatter-
ing in Ref. [45] and its extended version, the extended NAF
model, has successfully been applied to both α elastic and in-
elastic scattering off 12C [42] and 16O [43]. For details of
the extended NAF model, the reader is referred to Ref. [42].
Following Refs. [42–44], we multiply the transition densities
calculated with AMD by a factor to reproduce experimental
values ofB(IS0) andB(E2). As for the effective NN interac-
tion for the extended NAF model, we employ the Melbourne
g-matrix interaction [47] based on the Bonn-B potential [48]
evaluated in infinite nuclear matter. The density dependence
of the g matrix is taken into account with the local density
approximation. When we discuss the role of the in-medium
modification to the NN effective interaction, we use the NN t-
matrix interaction by Franey and Love [49] for a comparison.
We perform also a DWBA calculation with disregarding the
couplings among the excited states and the back-couplings to
the ground state. A PWBA calculation is performed by ne-
glecting further the diagonal potentials.
III. RESULTS AND DISCUSSION
A. Elastic and inelastic scattering cross sections of α off 24Mg
In Table I, we summarize the B(E0) and B(E2) values
for the states included in this study. Available experimental
data are shown as well as the renormalization factor for the
transition density. Except for this renormalization, we do not
3TABLE I:B(E0) andB(E2) values in the unit of e2fm4 obtained by
AMD compared with experimental data [50, 51]. Renormalization
factors ftr for the transition densities are also shown.
Jpi AMD expt. ftr
E0 0+2 30.32 44.9 ± 5.4 1.217
E2 2+1 467.24 426± 9 0.955
E2 2+2 34.21 33± 2 0.955
E2 2+3 24.59 11.6 ± 4.6 0.687
include any adjustable parameters as in the preceding studies
by Kanada-En’yo and one of the authors (KO) [42–44].
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FIG. 1: α elastic cross section off 24Mg at 386 MeV with respect
to θ. The solid and dashed lines show the results of the CC and
DWBA calculations, respectively. Experimental data are taken from
Ref. [35].
We show in Fig. 1 the α elastic scattering cross section at
386 MeV as a function of the c.m. scattering angle θ. The
solid (dashed) line shows the result of the CC (DWBA) cal-
culation. Figure 2 shows the inelastic cross sections to the
0+2 and 2
+
1 states. The solid (0
+
2 ) and dotted (2
+
1 ) lines cor-
respond to the CC calculation, whereas the dashed (0+2 ) and
dot-dashed (2+1 ) lines to the DWBA calculation. In both fig-
ures, experimental data are taken from Ref. [35].
From these figures, we conclude that the current micro-
scopic CC calculation reproduces reasonably well the exper-
imental data. Although some deviation remains for θ > 10◦
in Fig. 1 and at around 10◦ in Fig. 2 for the 0+2 cross sec-
tion, we have not included further adjustable parameters in
the reaction part. Note that our primary purpose is not to re-
produce the scattering data but to clarify the B(IS0)-(α, α′)
correspondence. The results in Figs. 1 and 2 will guarantee
that a sufficiently meaningful discussion on the subject can
be done with the structure and reaction models adopted in the
present study. A systematic study on the microscopic descrip-
tion of α inelastic scattering off 24Mg at several energies will
be reported elsewhere.
One sees from Fig. 2 that while the CC effect on the 2+1
cross section is minor, it is sizable for the 0+2 cross section
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FIG. 2: Angular distribution of the α inelastic cross section off 24Mg
at 386 MeV. The solid (dashed) and dotted (dot-dashed) lines show
the results of CC (DWBA) calculations to the 0+2 and 2
+
1 states, re-
spectively. Experimental data are taken from Ref. [35].
even at 386 MeV. This effect should not be neglected for a
quantitative discussion on the α cluster structure in the 0+2
state of 24Mg. We will return to this point in Sec. III D.
B. Angular distribution of the α-24Mg inelastic cross section
In this subsection, we discuss the relation betweenB(IS0)i
and dσi/dΩ for i = 2, 3, 5, 7, and 8 within the PWBA
and DWBA frameworks. The CC effect on it is discussed
in Sec. III D. In Figs. 3(a), 3(b), and 3(c), respectively, we
show dσi/dΩ at 386 MeV calculated with PWBA using the
Franey-Love t-matrix NN interaction (PWBA-t), PWBA with
theMelbourne g matrix (PWBA-g), and DWBAwith the Mel-
bourne g matrix (DWBA-g). In each panel, the solid, dashed,
dotted, dot-dashed, and dot-dot-dashed lines correspond to
i = 2, 3, 5, 7, and 8, respectively. One sees a clear difference
in the shape of the cross section. With PWBA-t, the cross
section has a peak around 5◦ and decreases as θ tends to 0, as
discussed in Sec. II A. When we include the in-medium mod-
ification to the NN effective interaction (PWBA-g), a peak at
θ = 0 newly appears for each i. The result of DWBA-g shows
that the cross sections have maximum values at 0◦, as usually
observed in experimental data.
To understand this change intuitively, below we discuss
the monopole transition density ρA
0
+
i
0
+
1
shown in Fig. 4. The
meaning of the lines is the same as in Fig. 3. A characteristic
feature of ρA
0
+
i
0
+
1
is its nodal structure. If one disregards the
nodes below about 1.5 fm for i = 2 and 5, which stem from
more complicated many-body properties, ρA
0
+
i
0
+
1
is character-
ized by one node at around the nuclear radius of 24Mg. As
it is well known, this nodal structure is robust because of the
orthogonal property:
∫
ρA
0
+
i
0
+
1
(rA)r
2
AdrA = 0, (i 6= 1). (8)
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FIG. 3: α inelastic cross section off 24Mg at 386 MeV obtained with
(a) PWBA-t, (b) PWBA-g, and (c) DWBA-g. In each panel, the
solid, dashed, dotted, dot-dashed, dot-dot-dashed lines correspond to
the cross sections to the 0+2 , 0
+
3 , 0
+
5 , 0
+
7 , and 0
+
8 states, respectively.
With PWBA-t, the cross section is essentially determined
by Eq. (5). If q is very small, the difference between j0 and
unity is small and j0 does not change its sign in the relevant re-
gion for Eq. (5). Thus, the contribution of ρA
0
+
i
0
+
1
at r smaller
than the node at rN cancels with that for r > rN. To have
a large cross section, the cancellation between r < rN and
r > rN should be minimized. This is how the peak position
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FIG. 4: Transition densities multiplied by r2A between the 0
+
1 and 0
+
i
states for i = 2 (solid), 3 (dashed), 5 (dotted), 7 (dot-dashed), and 8
(dot-dot-dashed).
(angle) of the cross section is determined in Fig. 3(a). When a
g matrix is used instead of a t matrix, an extra rA dependence
appears from the density dependence of the g matrix, that is,
the reduction of the NN effective interaction at finite densi-
ties. This makes the cancellation small and the cross section
becomes large at very forward angles. A further hindrance
of the cancellation is realized when the distortion effect, the
nuclear absorption in particular, is included in the DWBA-g
calculation. Note that in the latter two cases, the leading term
of j0, which was dropped in the discussion in Sec. II A, can
also contribute the cross section, which makes the cross sec-
tion at θ = 0 maximum.
An important conclusion is that the fact that the α inelas-
tic cross sections to 0+ excited states have maximum values
at θ = 0 shows obviously that the reaction process is af-
fected significantly by the nuclear distortion as well as the in-
medium modification to the NN effective interaction. In other
words, the clear and intuitive explanation on the IS0-(α, α′)
correspondence based on the PWBA and the long-wavelength
approximation should be used with caution. At any rate, it is
shown that the α inelastic scattering process is not a process
expressed by the IS0 transition operator.
C. Correspondence between the IS0 transition strength and α
inelastic cross section
TABLE II: IS0 transition strengths and the α inelastic cross sections
relative to those for the 0+2 state.
Quantity reaction model 0+3 0
+
5 0
+
7 0
+
8
B(IS0)i/B(IS0)2 —— 0.33 0.18 0.09 0.42
PWBA-t 0.34 0.18 0.12 0.53
(dσi/dΩ)/(dσ2/dΩ) PWBA-g 0.33 0.17 0.09 0.46
DWBA-g 0.30 0.15 0.06 0.29
5Despite the apparently negative conclusion on the IS0-
(α, α′) correspondence drawn in Sec. III B, there have been
many studies in which the IS0 transition strengths were suc-
cessfully extracted from α inelastic scattering data. We show
in Table II the relative IS0 strength to that for the 0+2 state,
B(IS0)i/B(IS0)2, and the relative α inelastic cross sections,
(dσi/dΩ)/(dσ2/dΩ), at 386 MeV, evaluated with PWBA-t,
PWBA-g, and DWBA-g. The cross section at the peak around
5◦ is used. For DWBA-g, we have evaluated the ratios also
at 0◦, which are found to be identical to the values obtained
at around 5◦ (not shown). In all the cases, the IS0-(α, α′)
correspondence holds with error less than about 30%.
The robustness of the IS0-(α, α′) correspondence can
be understood in the following manner. As discussed in
Sec. IIIB, the transition densities between 0+ states are con-
strained rather strongly, and can be well described by a macro-
scopic model [52]:
ρA
0
+
i
0
+
1
= −α0i
(
3 + rA
d
drA
)
ρ0(rA), (9)
where ρ0 is the diagonal density for the ground state. α0i is a
dimensionless deformation parameter that can be evaluated by
an energy-weighted sum rule if one excited state exhausts the
total transition strength. In the present discussion, however,
α0i is regarded as just a normalization parameter.
Once the functional form of Eq. (9) is assumed, trivially,
we have 

∫
ρA
0
+
i 0
+
1
F (rA)drA∫
ρA
0
+
j
0
+
1
F (rA)drA


2
=
(
α0i
α0j
)2
(10)
for any function F of rA that has no i dependence. If F is
r2A, the left-hand-side of Eq. (10) means the B(IS0) ratio,
whereas it becomes the ratio of the cross sections obtained
with PWBA-t if F (rA) = j0(qrA). Even when an extra rA
dependence coming from the g matrix or nuclear absorption
appears, Eq. (10) holds when the rA dependence is the same
for all the states. This is the reason why B(IS0)i tends to
keep a clear correspondence with (dσi/dΩ)/(dσ2/dΩ) even
though the simple explanation in Sec. II A does not hold in
the actual α inelastic scattering. In short, when the transition
density is given by Eq. (9), the DWBA cross section to the ith
0+ state is proportional to α20i, which realizes the IS0-(α, α
′)
correspondence as long as the CC effect is disregarded.
With a closer look, one may notice that the four values of
the ratio for i = 3 in Table II are very similar to each other,
which is also the case with i = 4. On the other hand, the ratio
somewhat varies for i = 7 and 8 depending on themodel. This
can be attributed to the difference in the positions of the node,
rN, of the transition densities. As clearly shown in Fig. 4, rN
for i = 7 and 8 are smaller than for the other states. Ob-
viously, this difference stains the IS0-(α, α′) correspondence
mentioned above. It should be noted that even for PWBA-t,
the cross section ratio is different from the B(IS0) ratio by
about 25% for i = 7 and 8.
From a detailed analysis of the AMD wave function, it is
found that the 0+7 and 0
+
8 states contain significant compo-
nents of the 12C + 12C configuration, whereas the α + 20Ne
configuration is dominant for the other 0+ states. The exci-
tation of 24Mg to a state having the α + 20Ne configuration
can be interpreted as a four-nucleon excitation from the sd-
orbits in terminology of the naı¨ve shell model. On the other
hand, the excitation to the 0+7 and 0
+
8 states corresponds to
excitation of nucleons from the p-orbits. Under the condi-
tion that the transition density must have a node, therefore, rN
becomes small for a transition to a state having a 12C + 12C
configuration. It will be interesting that rN can be an indicator
of an intrinsic structure of the 0+ excited states. A structure
model that does not assume a specific cluster structure a priori
combined with a microscopic reaction framework will be very
important to discuss the development of cluster states and its
correspondence with reaction observables.
D. Coupled-channel effect on the α inelastic cross section
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FIG. 5: α inelastic cross section off 24Mg at 386 MeV obtained with
the CC (thick lines) and DWBA (thin lines) calculations.
In Fig. 5, we show theα inelastic cross sections at 386MeV.
The meaning of the lines is the same as in Fig. 3 and the
thick (thin) lines show the results of the CC (DWBA) calcu-
lation. The thick solid and thin solid lines are the same as
the solid and dashed lines in Fig. 2, respectively. The Mel-
bourne g matrix is employed in all cases. One sees that, as
indicated in Fig. 2, a CC effect on the cross sections remains
6non-negligible at 386 MeV. Thus, it is shown that CC calcula-
tion will be necessary for a quantitative discussion.
TABLE III: Ratio of the α inelastic cross sections calculated with the
CC calculation to those with DWBA.
0+2 0
+
3 0
+
5 0
+
7 0
+
8
first peak (0◦) 0.69 0.56 0.60 0.97 0.83
second peak (∼ 5◦) 0.68 0.60 0.62 0.85 0.78
The ratios of dσi/dΩ obtained with the CC calculation to
those with DWBA, determined at θ = 0 and at the second
peak, are listed in Table III. One sees the deviation from unity
is around 30–50% for i =2, 3, and 5. On the other hand,
the deviation is rather small for i = 7 and 8. The small CC
effect on the cross sections for i = 7 and 8 may be due to the
12C + 12C configuration for these states. It should be noted,
however, that in the present study we included only three low-
lying 2+ states. A more complete CC calculation including
other 2+ states as well as 4+, 1−, and 3− states will be needed
to draw a definite conclusion on the CC effect.
IV. SUMMARY
We have investigated the correspondence between the IS0
transition strengths and α inelastic cross sections, theB(IS0)-
(α, α′) correspondence, for 24Mg(α, α′) at 386 MeV. We pre-
pared diagonal and transition densities of 24Mg with AMD
and performed a microscopic coupled-channel calculation
based on a g- and t-matrix folding model for reaction observ-
ables. The calculated elastic cross section and inelastic cross
sections to the 0+2 and 2
+
1 states are found to reproduce the
experimental data with no adjustable parameter in the reac-
tion calculation.
It is found that the α inelastic scattering is significantly af-
fected by the nuclear distortion and the in-medium modifica-
tion to the nucleon-nucleon effective interaction, and cannot
be regarded as a process expressed by the IS0 transition oper-
ator. Nevertheless, the B(IS0)-(α, α′) correspondence turns
out to be quite robust, with an error less than about 30%, be-
cause of a rather strong constraint on the monopole transition
densities. To be precise, however, when a 0+ state charac-
terized by a different intrinsic structure is considered, the IS0-
(α, α′) correspondence is stained. The coupled-channel effect
is found to be non-negligible even at 386 MeV.
In conclusion, the α inelastic scattering is shown to be a
process that cannot be expressed by the IS0 transition oper-
ator. Even though the B(IS0)-(α, α′) correspondence holds
reasonably well, it will be misleading to explain the cor-
respondence in the PWBA limit combined with the long-
wavelength approximation. When a 0+ excited state that has
an exotic configuration compared to the standard α cluster
state, the B(IS0)-(α, α′) correspondence tends to be ques-
tionable. Such states cannot be differentiated from others
when a macroscopic model is adopted. A microscopic de-
scription of both the structure and reaction parts will be very
important to discuss the variety of cluster states of nuclei in
reaction observables.
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